In this paper, we consider a compound Poisson surplus model with constant dividend barrier and liquid reserves under absolute ruin. When the surplus is negative, the insurer is allowed to borrow money at a debit interest rate to continue the business; when the surplus is below a fixed level , the surplus is kept as liquid reserves, which do not earn interest; when the surplus attains the level , the excess of the surplus over the level receives interest at a constant rate; when the surplus reaches a higher level b, the excess of the surplus above b is all paid out as dividends to shareholders of the insurer. We first derive the integro-differential equations satisfied by the moment-generating function and moment of the discounted dividend payments until absolute ruin. Then, applying these results, we get explicit expressions of them for exponential claims and discuss the impact of the model parameters on the expected dividend payments by numerical examples.
Introduction
In the classical compound Poisson surplus model, U(t) is given by
where U() = u is the initial surplus, c >  is the premium rate, {N(t), t ≥ } is a Poisson process with intensity λ > , which denotes the claim numbers in the interval [, t] , and {X i , i ≥ } (representing the sizes of claims and independent of {N(t), t ≥ }) is a sequence of independent and identically distributed nonnegative random variables with common distribution function F(x) =  -F(x), which satisfies F() =  and has a mean μ = ∞  F(x) dx > . In the recent study of risk theory, the classical compound Poisson surplus model has been modified to adopt economic and financial factors such as interest and dividends. The feature of debit interest assumes that the insurer is allowed to borrow money at a debit interest rate β >  to pay claims when the surplus turns negative. As the insurer pays the debts from its premium income, the negative surplus may return to a positive level. When the premium income is not enough to pay the debit interest (that is, the surplus falls belowc β ), the absolute ruin is said to occur. In recent years, the issue of absolute ruin has received considerable attentions in the actuarial literature. See [] study absolute ruin questions for the perturbed compound Poisson risk process with investment and debit interests by the expected discounted penalty function at absolute ruin. On the other hand, even if an insurer invests all his positive surplus into a risk-free asset, in certain condition, only the excess of the surplus over a certain level can receive interest. To adopt a more flexible and tractable model, Embrechts and Schmidli [] investigated the absolute ruin probability for a more complicated risk model. They assumed that the company can borrow money when the surplus is negative and receive interest for capital above a certain level. Furthermore, Cai et al. [] considered the following special model of Embrechts and Schmidli [] :
In (.), an insurer's surplus is below a certain level >  and is kept as liquid reserves. As the surplus attains the level , the excess of the surplus above will earn interest at a constant interest force r > . They studied the Gerber-Shiu function and discussed the impact of interest and liquid reserves on the ruin probability.
On the other hand, the surplus of the insurer with a certain dividend strategy has also been receiving more and more attention, including [, -]. For instance, de Finetti [] studied the dividend strategy in a discrete process. Lin et al. [] investigated the classical risk model with constant dividend barrier and analyzed the Gerber-Shiu discounted penalty function at ruin. Albrecher et al. [] considered the distribution of dividend payments in the Sparre Andersen model with constant dividend barrier. Cai et al. [] considered a more general model that incorporates the notion of threshold strategy. Based on the model (.), they assume that if the surplus continues to surpass a higher level b ≥ , then the excess of the surplus above b is paid out as dividends to the insurer's shareholders at a constant dividend rate, and no interest is earned on the surplus over the threshold level b, and they discuss the interactions of the liquid reserve level, the interest rate, and the threshold level in the proposed risk model by studying the expected discounted penalty function and the expected present value of dividends paid up to the time of ruin. More specifically, they assume that the portion of the surplus is below a present level is liquid, and the amount in excess of this level is invested under a deterministic interest rate. Instead of implementing a threshold in Cai et al. [], Sendova and Zhang [] consider a percentage of the current surplus of the insurer and also study the expected discounted penalty function at ruin.
Motivated by these works, based on the model (.), we consider a more general model that incorporates the dividend strategy and debit interest. We assume that if the surplus is negative, then the insurer can borrow money at a debit interest β > r. If the surplus surpass a higher level b ≥ , then the excess of the surplus above b is paid out as dividends to the shareholders at a constant dividend rate c + r(b -). The resulting surplus process U b (t) can be described by
where U b () = u is the initial surplus, b is the constant level of dividend barrier, β is the debit interest rate, r is the credit interest, c is the premium rate, and S(t) =
N(t)
i= X i is the aggregate Poisson claim-amount process.
Define
for all t > ). Let D(t) be the cumulative amount of dividends up to time t, and α >  be the force of interest. Then
is the present value of all dividends until T b u . In the sequel, we consider the moment-generating function
where y is such that M(u, y, b) exists. We denote the nth moment of the discounted dividends by
We will always assume that M(u, y, b) and V n (u, b) are sufficiently smooth functions in u and y, respectively. The rest of the paper is organized as follows. In Section , we get the integro-differential equations for the moment-generating function and the nth moment of the discounted dividends. In Section , we find their explicit expressions for exponential claims and discuss the impact of the model parameters on the expected dividend payments by numerical examples.
Integro-differential equations
In this section, we study the moment-generating function M(u, y, b), which has been discussed in various surplus processes; for example, see Albrecher et 
, and M  (u, y, b) satisfy the following system of integrodifferential equations:
with boundary conditions:
Proof Whenc β < u < , we consider the infinitesimal time from  to t, and three distinct events can happen: no claim in (, t), a claim in (, t) without occurring ruin, a claim in (, t) with occurring ruin. Conditioning on the time and amount of the first claim, we obtain that
, we observe that h β (t, u) →  as t → . By Taylor expansion we have
Substituting this expression into (.), dividing both sides of (.) by t, and letting t → , we get (.). Similarly, we obtain (.) and (.).
, absolute ruin is immediate, namely, no dividend is paid, and we obtain (.).
When u = b,
By similar methods we obtain the following equation from (.):
Letting u ↑ b in (.) and comparing it with (.), we obtain (.). Next, we prove condition (.). Here we only prove
. For  ≤ u < , let τ be the time that the surplus reaches for the first time from  ≤ u < . As before, we know that t  is the time that the surplus reaches for the first time from  ≤ u < with no claims. Then, by the Markov property of U b (t),
On the other hand, we have
where T  is the first claim time. As u ↑ , τ and t  both tend to zero, and
, and using (.), and then letting u ↑ in (.), u ↓ in (.), and using (.), we get (.).
Remark . When = , the conclusions are consistent with Wang et al. [] . Write
Theorem . The moment of the discounted dividend payments until absolute ruin satisfies the following integro-differential equations:
with the following conditions:
The proof is obvious and we omit it here.
Corollary . For n = , we retain the risk process, and indeed (.), (.), and (.) can be simplified to
for  ≤ u < , and for ≤ u ≤ b,
Correspondingly, the boundary condition can be simplified to 
Explicit expressions for exponential claims
In this section, we assume that
μ , x > , μ > , namely, the claim size distribution F(x) is the exponential distribution with mean μ. We obtain explicit expressions of the moment-generating function and higher moments of the discounted dividends.
Substituting
μ into (.), (.), and (.), we obtain:
Applying the operator
on (.), (.), and (.), respectively, we obtain:
By Slater [], p., the solution of this equation is of the form
where a n and a n are arbitrary constants,
are the confluent hypergeometric functions of the first and second kinds, respectively. Then
We know that
on both sides of (.) and substituting (.) and (.) into it, we obtain a n = , and thus
It follows from (.) that V n (u, b) takes the form 
, that is,
On the other hand, let V n (u, b) = j n (y) and y = - So we get
where
and a n and a n are arbitrary constants.
When n = , since a  = , we can get explicit values of a  , a  , . . . , a  . By (.)-(.) we obtain the following equations: Solving this system, we obtain:
When n ≥ , by (.)-(.) we obtain the following equations: Solving this system of equations, we obtain: 
Theorem . Suppose that the claim size distribution is the exponential distribution with
Here, a  , a  , . . . 
At the end of this section, we use the following numerical examples to discuss the impact of the model parameters on the expected dividend payments. Table  provides numerical results for V  (u, b) for various u and r. We find out that V  (u, b) increases as the credit interest or the initial surplus increases. Table  provides numerical results for V  (u, b) for various u and β. We find out that V  (u, b) decreases as the force of debit interest increases but increases as the initial surplus increases. Example  Table  provides numerical results for V  (u, b) for various u and . We find out that V  (u, b) increases as the liquid reserve or the initial surplus increases. Table  
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